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Abstract. We study hermitian structures, with respect to the standard neutral metric 

O , on the cotangent bundle T*G of a 2n-dimensional Lie group G, which are left invariant 

<^ with respect to the Lie group structure on T*G induced by the coadjoint action. These 

_ are in one-to-one correspondence with left invariant generalized complex structures on G. 

~^ Using this correspondence and results of [S] and [TU] , it turns out that when G is nilpotent 

and four or six dimensional, the cotangent bundle T*G always has a hermitian structure. 

I— I However, we prove that if G is a four dimensional solvable Lie group admitting neither 

\^ complex nor symplectic structures, then T*G has no hermitian structure or, equivalently, 

^^ G has no left invariant generalized complex structure. 

S 1- Introduction 

^ The cotangent bundle T*G of a Lie group G with Lie algebra g has a canonical Lie group 

j> structure induced by the coadjoint action of G on q* and also a canonical bi-invariant 

OO neutral metric. With respect to this data, hermitian structures on T*G such that left 

^ translations are holomorphic isometrics are given by endomorphisms J of g © g* satisfying 

■^ J^ = — Id which are orthogonal with respect to 



O 



H 



:i) {{x,a),{y,(3)) = l{f3{x) + a{y)) 



T^ and satisfy Nj = 0, where Nj is defined in (|3]), with respect to the Lie bracket: 

g (2) [{x,a),{y,p)] = {[x,y],-poad{x) + aoad{y)) ior x,y e Q, a, Peg*. 

k" On the other hand, g © g* is the fiber at the identity e of the bundle TG ® T*G over 

•'-j G and one may extend J above to the whole TG ® T*G using the standard lift of left 

rS multiplication in G. The Courant bracket (see (12) below), when restricted to left invariant 



d vector fields and left invariant 1-forms is given by the equation above thus establishing 

a correspondence, in the invariant case, between invariant hermitian structures on T*G 



and left invariant generalized complex structures on G (Proposition 3.1). It follows that 



any such structure gives rise to a Poisson Lie group structure on T*G such that the dual 



Poisson Lie group (T*G)* is a complex Lie group (Corollary 3.2). 

The concept of generalized complex structure was introduced by Hitchin [12] and devel- 
oped by Gualtieri [11]. Symplectic and complex geometry are extremal special cases of 
generalized complex geometry. In [8] Cavalcanti and Gualtieri show that the 34 classes of 
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G-dimensional nilpotent Lie groups (see [HI ED] for the classification) have a left invariant 
generahzed complex structure; but, five of these classes of nilpotent Lie groups admit nei- 
ther symplectic nor complex left invariant geometries (see pQ|). It is proved in [10] that 
every four dimensional nilpotent Lie group has left invariant symplectic structures and 
hence generalized complex structures. So, it seems interesting to understand the way this 
property occurs on non-nilpotent solvable Lie groups. 

In this paper we deal with left invariant generalized complex structures on solvable Lie 



groups of dimension 4. To this end, in Proposition 3.1 of ^ we show that there is a 
one-to-one correspondence between left invariant generalized complex structures on a Lie 
group G and invariant hermitian structures (J, g) on T*G, where g is the standard neutral 
metric on T*G. In ^we prove Theorem |4. 7| which asserts that a four dimensional solvable 
Lie group G has neither left invariant symplectic nor complex structures if and only if G 
does not admit generalized complex structures. In the proof, we use the classification of 4- 
dimensional solvable Lie groups with left invariant complex (resp. symplectic) structures 
carried out in [2^ and [IT] (resp. [12] ; see also 



On the other hand, in §5^ we distinguish the solvable Lie groups of dimension 4 admitting 



a non-extremal left invariant generalized complex structure (^5.1) and the Lie groups 
carrying a left invariant complex or symplectic structure but without a non-extremal left 
invariant generalized complex structure (^5.2). 



Finally, in ^ we show that Theorem 4.7| does not work in dimension 6. In fact, we 



construct an example of a six dimensional (non-nilpotent) solvable Lie group admitting 
neither left invariant symplectic nor complex structures but having non-extremal general- 
ized complex structures. 

2. Hermitian structures on cotangent Lie groups 

A left invariant complex structure on a real Lie group G is a complex structure on the 
underlying manifold such that left multiplication by elements of the group are holomorphic. 
Equivalently, there exists an endomorphism J of g, the Lie algebra of G, such that: 
J^ = — Id and Nj = 0, where 

(3) Nj{x,y) = [x,y\ + J[Jx,y] + J[x,Jy]-[Jx,Jy\, Vx,?/Gg. 

The condition Nj = is called the integrability condition of J. 

The action of G on itself given by left multiplication Lg : G — > G can be lifted to an 
action of G on TG given by dLg : TG — > TG. Thus, a left invariant complex structure 
is an equivariant endomorphism of TG with respect to the lifted action of G given by 
left multiplication. Similarly, a left invariant symplectic structure on G is an equivariant 
isomorphism uj:TG — > T*G where the action of G on T*G is L*_^ : T*G — > T*G. 

A left invariant hermitian structure on G is a pair {J,g) of a left invariant complex 
structure J together with a left invariant hermitian metric g (not necessarily positive 
definite). If J denotes the corresponding endomorphism on g and (■ , ■) the non degenerate 
symmetric bilinear form on g induced by 5^, we say that (J, (■,■)) is a hermitian structure 
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on g. A non degenerate symmetric bilinear form (■ , ■) on g is said to be ad-invariant when 
it satisfies: 

(4) {[x,y\,z) + {y,[x,z\) =Q for any a;, y, 2; e g. 

If G is a Lie group with Lie algebra g and g is a. bi-invariant metric on G, that is, g is both 
left and right invariant, then the bilinear form (■ , ■) on g induced by g is ad-invariant. 

Let g^ = g ®m C be the complexification of the real Lie algebra g and let a denote the 
conjugation in g"-" with respect to the real form g, that is, a{x + iy) = x — iy, x,y E Q. 
Starting with a hermitian structure (J, (■ , ■)) on g, let J*^ (resp. (■ , ■)'^) denote the complex 
linear (resp. complex bilinear) extension of J (resp. (■ , ■)) to q^. We obtain a splitting 

g^ = q©a(q), 

where q, the i-eigenspace of J*^, is a complex subalgebra of g^ which is maximal isotropic 
with respect to (■ , ■)^. 

We prove the above statement in the following proposition, where it is shown that, 
conversely, if S is a symmetric bilinear form on g^ satisfying certain conditions, then any 
splitting g*^ = q © a(q), where q is a maximal -B-isotropic complex subalgebra of g^, gives 
rise to a hermitian structure (J, (■,■)) on g such that the i-eigenspace of J^ in g^ is q and 
{x,y) = B{x,y) for x,y e g. 

Proposition 2.1. Let G be a Lie group with Lie algebra g and denote by g*^ the com- 
plexification of Q. There is a one-to-one correspondence between left invariant hermitian 
structures {J,g) on G and pairs (q,-B), where B is a symmetric bilinear form on g^ and 
q is a maximal B-isotropic complex subalgebra of g^ satisfying the following conditions: 

(5) g"^ = q®a{q), 

(6) B{az,aw) = B{z,w), z^wGg^, 

where a denotes the complex conjugate ofaEC and o is the conjugation in g^ with respect 
to g. 

Proof. Given a left invariant hermitian structure (J, f?) on G, let (J, (■ , ■)) be the cor- 
responding hermitian structure on g. g*^ decomposes into a direct sum of subspaces 
gC = gi.o gO,i^ -j.]-^g eigenspaces of J*^ of eigenvalue i and — z, respectively. It follows 
that 

g^'° = {x — iJx : s G g}, g^'"*^ = {x -I- iJx : a; G g}, 

hence, g°'^ = cr(g^'°). Equation Nj = is equivalent to the fact that these subspaces are 
subalgebras. Moreover, using that J is orthogonal, it is easy to check that both g^'° and 
g°'^ are isotropic with respect to (• , ■)'^. Since (■ , ■) is non degenerate, these subalgebras 
are maximal isotropic. Hence, (g°'^, (■ , ■)'^) satisfies the required conditions. Note that 
equation ^ holds if and only if B takes real values on g, and (■ , ■)'^ clearly satisfies this 
property. 
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Conversely, given a pair (q, B) as in the statement, we wish to show that it gives rise 
to a hermitian structure (J, (■ , ■)) on g. Let J be the almost complex structure defined on 

S^ by 

Jz = iz, J o cr{z) = —ia{z), z E q. 

Since J o a = o" o J, then J leaves q stable. The fact that q is a subalgebra implies that 
J satisfies Nj = 0. Since equation ^ holds, B takes real values on g. Let (■ , ■) be the 
restriction of i? to g. It follows from ([s]) and the fact that q is -B-isotropic that J is 
orthogonal with respect to (■ , ■). Since q is maximal isotropic then (■ , ■) is non degenerate, 
that is, (J, (■,•)) is a hermitian structure on g. Therefore, it induces, by left translations, 
a left invariant hermitian structure on G and the proposition follows. D 

We will be studying a special class of left invariant hermitian structures. The Lie groups 
that come into the picture are the cotangent bundles of Lie groups with a standard bi- 
invariant metric. 

Let g be a Lie algebra and a g-module, that is, there exists a Lie algebra homomorphism 
p: g — > fl^o). Let g iXp D denote the semidirect product of g by 0, where we look upon o 
as an abelian Lie algebra. The bracket on g ix ^ o is given as follows: 

(7) [{x,u),{y,v)] = {[x,y],p{x)v- p{y)u) ior x,y e Q, u,v e 0. 

Complex structures on Lie algebras of the above type were studied in [4J. In the present 
article we will restrict our attention to the particular case when = g* and p = ad* is the 
coadjoint representation: 

ad*(x)(a) = —a o ad(x), a G g*, x E g. 

We will denote g Xg^j^j* g* by (T*g, ad*), the Lie bracket being given by ([2]). The cotangent 
algebra (T*g,ad*) has a standard non degenerate symmetric ad-invariant bilinear form 
(■ , ■) (see ([I])). We notice that the subalgebra g and the ideal g* are maximal isotropic in 

(T*g, (-,■)). 

Left invariant hermitian structures on the cotangent Lie group T*G are given by endo- 
morphisms J of T*g whose matrix form with respect to the decomposition g © g* is 

and satisfy 

(i) J4 = —^1, J2 = —-^25 ^3 = —"^3) 

(8) (ii) J', + J2J3 = - Id, Ji J2 = -( Ji J2)*, J3J1 = -{JsJiT, 
(iii) J is integrable. 

Example 2.2. Let j be a complex structure on g, dimg = 2n, and define J, on T*q by 

(9) Jj{x,a) = {j{x),-f{a)), x G g, a G g*, 

where f is the adjoint of j, that is, j*(a) = aoj. It follows that Jj is orthogonal with respect 
to the standard bilinear form (■ , ■) on T*g. Moreover, it was shown in [Ij (Proposition 3.2) 



J 
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that the integrabihty of j imphes that Jj is a complex structure on (T*g,ad*). Therefore, 
(Jj, (■ , ■)) is a hermitian structure on (T*g, ad*). 

Example 2.3. Let ui: q — > q* be a linear isomorphism and define 

(10) J^{x,a) = {-uj'^{a),uj{x)), 

(compare with §4 in PJ). It follows that J^ is orthogonal with respect to the standard 
bilinear form on T*q if and only if uo is skew-symmetric. The integrabihty of J^^ is equivalent 
to the following condition 

(11) (^([a;, y\) = uj{x) o ad(y) — ujiy) o ad(a;). 



Therefore, if uj satisfies (11) J^^ defines a hermitian structure on (T*0,ad*). We observe 



that in this case, u; is a symplectic structure on g. 

3. Left invariant generalized complex structures on Lie groups 

We recall that a generalized complex structure on a manifold M is an endomorphism 
J of TM (B T*M satisfying J''^ = — Id which is orthogonal with respect to the standard 
inner product (■ , ■) on TM ®T*M defined in ([I| and such that the i eigenbundle of J 
in [TM © T*M) ® C is involutive with respect to the Courant bracket. This bracket is 
defined as follows: 

(12) [(X,e), (F,r/)] = ([X,F],£xr/ - Cyi - \d{ixr] - tyCl), 

where (X, S,)-, {Y, rj) are smooth sections of TM © T*M . 

When M is a Lie group G, consider the left action of G on TG © T*G induced by left 
multiplication of G on itself, that is, 

A: Gx {TG®T*G) -^TG®T*G, 
(13) 

{g,{x,a)) ^ {{dLg)hX,{L*g-i)gha) , xeT^G, aeT^G, g,heG 

where 

iL*g-i)gh a{y) = a {{dLg-i)gh y) , Vy G TghG. 

A generalized complex structure JT on G is said to be left invariant (or G-invariant) if 

J:TG® T*G — >TG® T*G 



is equivariant with respect to the induced left action of G on TG © T*G given in (13). It 
follows that, for any g ^ G, the following diagram is commutative: 



TgG © T*G -^ TgG © T*G 



A _i 

9 ^ 



A -1 

9 ) 



© 0' > © 0^ 



where 

\g-i (x, a) = \ {g^^, {x, a)) , x G TgG, a G TgG. 
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In other words, J is left invariant if and only if, for any g E G, Jg is given in terms of J7e 
as follows: 

(14) J, = A, o jTe o V. = (^^^^)^ (^*-0.)°^^°C'^^'"^' {LD 

If we identify the space of left invariant sections of TG © T*G with fl © g*, then the 
restriction of the Courant bracket (12) to g © g* is precisely the Lie bracket ^ on the 



cotangent algebra (T*g, ad*). Therefore, the Courant integrability condition of a left in- 
variant generalized complex structure JT" on G is equivalent to the integrability of Je on 
the cotangent algebra {T*q, ad*). Moreover, since A^, g E G, are isometrics of the standard 
bilinear form (■ , ■) on TG(BT*G, it follows that JT" is orthogonal with respect to (■ , ■) if and 
only if J7e is compatible with (■,■). Therefore, if i7 is a left invariant generalized complex 
structure on G, {J'e, {■ , ■)) is a hermitian structure on T*g. Conversely, given a hermitian 
structure (J, (■ , ■)) on (T*g, ad*), where (■ , ■) is the standard neutral metric on T*g, it can 



be extended, by means of (14), to a left invariant generalized complex structure J7 on G 
such that J'e = J. 

The preceding arguments yield the following result: 

Proposition 3.1. There is a one-to-one correspondence between left invariant generalized 
complex structures on G and invariant hermitian structures {J,g) on T*G, where g is the 
standard neutral metric on T*G. 

When a Lie group G has a left invariant complex or symplectic structure, then any of 
these structures induces a natural left invariant generalized complex structure on G, as 
shown in Examples |2. 2 and 2.3 



In view of Proposition 3.1, a hermitian structure on (T*g, ad*) with respect to the 
standard bilinear form will be called a generalized complex structure on g and denoted by 
(i7, (■ 5 ■))• When J satisfies only conditions (i) and (ii) in (|8]), it will be called an almost 
generalized complex structure. Note that if T*q is a generalized complex vector space, 
dimg = 2n (see pT!,l6]). 

Remark 1. It was proved in [lOj that every four dimensional nilpotent Lie group has 
either left invariant complex or symplectic structures (maybe both; see also [H] for the 
classification of these groups). Hence, such a Lie group has a left invariant generalized 
complex structure. In [5] (see also [7|) it was shown that every six dimensional nilpotent Lie 
group admits a left invariant generalized complex structure. In other words, the cotangent 
algebra (T*g, ad*) of any four or six dimensional nilpotent Lie algebra g admits a hermitian 
structure (J, (■ , ■)), where (■ , ■) is the standard bilinear form on T*q. 

It was proved in [1] that when (J, g) is a left invariant hermitian structure on a Lie group 
H such that g is bi-invariant then both H and H* are Poisson Lie groups. Moreover, since 
J is a complex structure, H* is a complex Lie group (see [3]). The Poisson structure on 
H is given by ^{h) = {dRhj^J — {dL^jeJ, h E H, where J is viewed as an element of P) A P) 
by identifying the Lie algebra i) oi H with its dual f)* via the metric g. As a corollary of 



this result and Proposition 3.1, we therefore obtain: 
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Corollary 3.2. If G is a Lie group with a left invariant generalized complex structure, 
then T*G and {T*G)* are Poisson Lie groups such that (T*G)* is a complex Lie group. 

We end this section by determining the generalized complex structures on the two di- 
mensional non-abelian Lie algebra g = aff(]R). 

Example 3.3. Generalized complex structures on aff(M). Let g = aff(]R) be the two dimen- 
sional non-abelian Lie algebra and T*aff(M) the corresponding cotangent Lie algebra. Let 
{eo, ei} be a basis of g such that [cq, ei] = ei, and {a°, a^} the dual basis of g*. Set 

Xi = (ei_i,0), X,+2 = (0,a'-^), 

then: 



1,2, 



[Xi,X2]=X2, [Xi,X4] 

A generalized complex structure J' on aff(]R) 
{Xi,. . . ,X4}: 



— —^i, [^2,^4] — ^3- 

takes the following form in the ordered basis 







/an 


ai2 ai4 1 


J = 


^21 0,22 —0-14 

-a4i -an -021 




ya4i -ai2 -a22/ 


with J"^ = -Id and Nj = 0. 




In case ai4 7^ 0, the condition ^ 


r^ = — Id implies a4i 7^ 


and ai2 = = a2i. Hence, 




/an 


ai4 \ 


(15) J = 


an — ai4 
-a4i -an 






, ai4a4i7^0. 




\^a4i 


-an/ 





Cl^-^ -\- Cii4CL4i 



-1, On 



-1. 



^22 



It follows that JT" as above satisfies Nj = 0. In particular, if an = 0, JT" arises from 



a symplectic structure on aff(]R) as in Example 2.3, but for an 7^ JT" is not induced 



by a symplectic or complex structure on aff(]R). However, since JT" is of type (see 



the paragraph next to (20) in ® it follows from Theorem 4.1 that it is equivalent to a 



symplectic structure via a -B-field transformation. 
In case ai4 = 0, the condition J'^ = — Id implies 



a4i — 0, a^-^ + ai2Q.2i — ^1, 0-12 ^^21 t" 0, '^11 ~ ~'222- 



Therefore, 



(16) 



J 



fan 

^21 





ai2 
—an 

—an 

-ai2 



\ 



ai2 021 7^ 0, al^ + ai2 a2i = — 1, 






-^21 

an / 
0. Note that every generalized complex structure in this family 



and J' satisfies Nj 

arises from a complex structure on aff(]R) as in Example 2.2 
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We observe that T*aff(M) is isomorphic to the Lie algebra d^ (see pj). This is the unique 
four dimensional solvable Lie algebra admitting a structure of a Manin triple. The above 



calculations together with Corollary 3^ imply that the Lie group V^ with Lie algebra 
T*aff(]R) is a Poisson Lie group such that the Poisson Lie group V4* is a complex Lie 
group. 

Fix two generalized complex structures J7i, 1/2 on g = aff(]R) as follows: 

/a006\ /x y 0\ 



Ji 



V 







y 

-x 

—X —z 

—y X 



X + yz = — 1, 



-a ' ^ +6c=-l, J,= Q 
-aj \0 

and consider G = —J\J2- Observe that J\ and Ji commute, therefore G^ = Id. It follows 
that G defines a positive definite metric on g © g* if and only if cz < 0. Therefore, when 
this condition is satisfied, we obtain generalized Kahler structures on aff(]R) (see [U [TT]). 

4. Solvable Lie groups without generalized complex structures 

In this section we prove that a four dimensional (non-nilpotent) solvable Lie group has 
no left invariant generalized complex structures if and only if it admits neither left invariant 
symplectic nor left invariant complex structures. 

We start by fixing some notation. Let {a*}^^g be the basis of q* dual to the basis {ejjf^Q 
of g. Define the basis {Xi}^^^ of T*q by 

(17) X, = (e,_i,0) and X,+4 = (0, a*"^), 1 < « < 4. 

Let J7 be a linear endomorphism of T*q whose matrix form is 



with respect to the basis {Xi}.^^ of T*g defined by (17). If J is orthogonal with respect 
to the standard bilinear form on T*q then the matrix of J is of the form 



(19) 



J 



fan 


012 


Ol3 


Ol4 





016 


Ol7 


018 \ 


021 


022 


O23 


O24 


-016 





O27 


028 


031 


032 


O33 


O34 


-Ol7 


-027 





038 


041 


042 


O43 


044 


-018 


-028 


-038 








-O61 


-O71 


-osi 


-On 


-O2I 


-031 


-041 


oei 





-O72 


-082 


-012 


-O22 


-032 


-042 


071 


072 





-083 


-Ol3 


-O23 


-033 


-043 


Vosi 


082 


083 





-Ol4 


-O24 


-034 


-044/ 



Moreover, taking into account ([8j), if J = 
property: 

(20) for every 1 < « < 4 there exists j 7^ i such that aij 



Id then the matrix J has the following 

7^0. 
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We will say that J is of complex type if ^^2 = iTs = , ^7 is of symplectic type if 
i7i = J74 = , and J' is said to be of type k when rank(i72) = 2(n — k), where dimg = 2n 
(compare with [H]). Observe that if J^ is of complex (resp. symplectic) type then it is of 
type 2 (resp. 0). 

We recall a theorem from [TTl [8] 

Theorem 4.1. ([8], Theorem 1.1; jTI], Theorem 4.35) Any regular point of type k in a 
generalized complex 2n-manifold has a neighbourhood which is equivalent, via a dijfeomor- 
phism and a B-field transformation, to the product of an open set in C'^ with an open set 
in the standard symplectic space 



D2n-2fc 



The previous theorem implies that a 2n-dimensional Lie algebra admits a generalized 
complex structure of type (resp. of type n) if and only if it has a symplectic structure 
(resp., a complex structure). 

In order to prove the main result of this section, we recall the definition of the four 
dimensional solvable Lie algebras admitting neither symplectic nor complex structures 

[61,63] = 62 + 63 

[61,63] = A63, |A| < 1, 

[60,62] = 61 + 62, 

[60,62] = A62, [60,63] 

[60,62] = /i62, [60,63] 



see [HI El E). They 


are 


Mx tg 


[ei,62; 


= 62, 


M X r3,A 


[ei,62^ 


= 62, 


t4 


[eo,ei 


= ei. 


t4,A 


[eo, ei 


= ei. 


t4,^,A 


[eo, ei 


= ei. 



A^O; 

[eo, 63] = 62 + 63; 

62 + A63, A G M, A ^ 
A63, — 1 < /i < A < 1, 



-1,0,1; 



/iA^O, /i + A ^0. 



Next, we show that every Lie algebra i) included in the list (21) has no left invariant 



generalized complex structures by analyzing each case. To this end, we will prove that any 
almost complex structure JT" on T*({)) does not satisfy the integrability condition. This 
condition is equivalent to the vanishing of the 256 coefficients Njj defined by 



Nj{x,,x,) = J2n^,x, 



l<i<3 < 



k=l 



where Nj is the Nijenhuis tensor of J^ (see (pi)). 

Proposition 4.2. The Lie algebra M x ts does not admit generalized complex structures. 



Proof. We consider the basis {Xi} for T*(]R x r3) defined by (17) . Taking into account 



(12) and the definition of the Lie algebra M x ts given in (21 ), we see that the only non-zero 
Lie brackets on T*{R x r3) are 

[X2, X3] = X3, [X2, X4] = X3 + X4, [X2, Xj] = —Xj — Xg, 
[X2,Xs] = — Xg, [X3,X7] = Xq, [X4,Xy] = Xq = 1X4^, Xs]. 
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Suppose that M x ts has a generahzed complex structure, i.e., T*(]R x ta) has a herniitian 
structure (JT", (■,■))• Since all the coefficients Njj of the Nijenhuis tensor Nj of J' must be 
zero, we have = N^^ = 028^ and = Nj^ = 023^, and so 023 = 023 = 0. 

Let us consider the equation 

(22) = A^4g = 1 + 044^ + 043(022 + 044 + ^34) + 024042 - «38a83- 



Now, (22) and the equations 

= N^^ = 2024027, = A^g^g = -O43O27, = NIj = -O43O24 - 2083O27, 
imply that 027 = 0. Moreover, because 

= A^78 = -20i6038, = A^37 = O16O43, = iV^e = ai6a24, 



we have oie = using (22); and because 



= N^j = -024O43, = A'lg = -2024O38, and 

= N2J = -1 - 033^ + 043(022 - O33 - O34) - 038083, 



we see that 024 = 0. Finally, 



= A^7^8 = 2021O38, = N^g = -O21O43 



imply 021 = using (22). So, in the matrix (19) of ^7, the unique non-zero entry in the 
2nd row is 022, which is not possible by (20). This shows that J^ cannot be integrable. D 

Proposition 4.3. For A 7^ 0, ±1, the Lie algebra M x r3,A has no generalized complex 
structure. 



Proof. Using the basis {Xj} for T*(]R x X3^\), given by (17), and the definition of the Lie 
algebra M x r3,A stated in (21), the only non-zero Lie brackets on T*(]R x r3^A) are 

[X2,X3] = X3, [X2,X4] = AX4, [X2,X7] = — X7 

[X2,X8] = — AX8, [X3,X7] = Xq, [X4,X8] = AXg. 

Let (jT", (■,■)) be a hermitian structure on T*(R x r3^A)- The integrability condition of 
J^ implies that all the coefficients NJ', of the Nijenhuis tensor of Jj are zero. In particular, 

(23) = X^g = A(l + 044^ + O24O42 + O28O82) + O34O43 - 038083- 



Now from (23) and the equations 



= ^68 = --^«16a28, = X45 = A016O24, = N^j = O16O27 

= XI7 = A014O27 + O17O24 + (A — l)0i6034, 
= X57 = -A018O27 + O17O28 - (1 + A)0i6038, 
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we obtain aie = 0. On the other hand, 

= N^^ = (1 - A)a27a28, = N^ = -(1 + A)a27a24, 

= A^78 = (1 + -^)a23a38 + (A - 1)027^43, = A^g^ = 2027023, 

= A^ly = (1 - A)a23a34 - (1 + A)a27a83, 



and (23) imply that 027 = 0; and from the equations 

= A/'7^8 = (1 + A)a23a38, = N^^ = (1 + A)a23a28, 
= Nlj = (A - 1)023034, = iVJe = (^ - 1)^23024 



we conclude that 023 = using again (23). Moreover, 

= A^ls = Aa2ia24, = N^j = 024031 + (A - I)a2i0'34, 
= A^es = Aa2ia28, = N^^ = 024071 + (1 + A)a2ia83, 



imply that 021 = using again (23). So, according to (20), 024^ + 028^ 7^ 0. Since A 7^ 0, ±1, 
the equations 

= Nl^ = 2Aa24a28, 

= A^34 = (A - 1)024^43 + (1 + A)a28a83, 

= A^78 = (A - 1)028034 + (1 + A)a24a38, 

imply that 034043 = 038083 = 0. Therefore, 

= N^j = 1 + 033^ + A(034043 - O38O83), 

which implies that = 1 + 033^. But this is not possible, and hence JT cannot be integrable 
on T*(M X t3,A). □ 

Proposition 4.4. The Lie algebra X4 has no generalized complex structure. 



Proof. From (17), (21) and (12), we have that with respect to the basis {Xi} the only 
non-zero Lie brackets on T*{x4) are 

[Xi, X2] = X2, [Xi, X3] = X2 + X3, [Xi, X4] = X3 + X4, 

[Xi, X7] = — X7 — Xg, [Xi, Xq] = —Xq — X7, [Xi, Xg] = — Xg, 

[X2,X6] = [X3,X6] = X5, [X3,X7] = [X4,X7] = X5, [X4, Xg] = X5. 

If there is a hermitian structure (JT", (■ , ■)) on T*(r4), then 

= N^g = oig^, = Xg\ = oi7^ - 016O18, 

= X365 = 012', = XI5 = -013' + 012014, 

imply that O12 = 013 = 017 = Oig = 0. So, it must be oig^ + 014^ 7^ since, according to 
(20), at least an element aij of the first row of the matrix (19) associated to J' must be 
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non-zero for j 7^ 1. Now, we consider 

= A^78 = 2ai6a38, = A^^^g = 2014033 

= ^26 = -2ai6a72, = Nl^ = -2014072 

= Njr^ = 014(043 - 032), = N^^ = 016(043 - 032) 

— ^15 — O-UO-SS — 0,16032, = A^35 = O14O43 + O16O72. 

From these equations, and using that oi6 and 014 do not vanish simultaneously, we conclude 
that 038 = 072 = 043 = 032 = 0. Then, 

= N^j = 1 + 033^ + 032(011 + 033 + 023) + 043(033 - On + 034) - 027072 - O83O38, 
implies that = 1 + 033^, which is not possible. Thus, JT cannot be integrable. D 

Proposition 4.5. For A 7^ 0, ±1, the Lie algebra t^^x does not admit generalized complex 
structures. 



Proof. With respect to the basis {Xi} given by (17), and according to (12) and (21), the 
only non-zero Lie brackets on T*(r4,A) are 

[Xi, X2] = X2, [Xi, X3] = AX3, [Xi, X4] = X3 + AX4, 

[Xi,X6] = — X6, [Xi,X7] = — AX7 — Xg, [Xi,X8] = — AXg, 

[X2,X6] = [X4,X7] = X5, [X3,X7] = [X4,X8] = AX5. 

Suppose that, for A G M — { — 1,0,1}, T*(r4^A) has a hermitian structure with complex 
structure J'. Since all the coefficients Nj'j of the Nijenhuis tensor of Jj are zero, we have 

= N^^ = Ol8^ and = Xj^ = oi3^ 
Thus, oi8 = oi3 = 0. Let us consider the equation 

= X|g = 1 + 022^ + O12O12 + O16O6I + O23O42 - O28O72 
+ A(023032 + O24O42 — O27O72 — 028082)- 

Since 

= ^57 = (-^ - I)0l60l7, = Xg\ = 2A016O38 - (1 + A)Oi7028, 

= NIj = O16O43 - (1 - A)0i7023, = N^j = (1 + A)0i20i7, 

= X37 = (1 + A)0i7072 - O12O43, = X7g = 2A012O38 - (1 - A)0i7042, 



we obtain that O17 = using (24) and the conditions A 7^ 0, 1, —1. Now, the equations 

= NIq = -(1 + A)Oi40i6, = X^g = (1 + A)Oi4028 - O16O43, 

= Xjg = (1 - A)0i4023 + 2A0i6083, = X45 = (A - I)0i40i2, 

= X34 = (1 + A)0i4072 + 2A012O83, = X^g = 012(011 + O22) + A014O42 
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and (24) imply that an = 0. Hence ai2 

t2 



c^ie 7^ 0. Morever, we have 












Therefore, 043 
and 



— 016(343; 

2Aai2a38, 

—012(327 — awa^2- 

= a38 = and 023(^32 ■ 



Nl 






37 — —(312(343; 
= 2ai2(3i6; 











2Aai6(338; 
(3X2(323 + (3l6'272; 



(327(372 = 0. Taking into account these equahties 







^^37 



A(l + 033^) + 023(332 - (327072 + (343(033 - On + Aa34) - Aa38a83 



we conclude that 1 + 033^ = because A 7^ 0. This proves that, for A 7^ —1, 0, 1, r4^A does 
not admit generalized complex structures. D 

Proposition 4.6. The Lie algebra t4.^_A has no generalized complex structure for 
— 1 < /U < A < 1 such that fiX ^ and /i + A 7^ 0. 



Proof. For T*(r4,^,A) we take the basis {Xi} defined by (17). Then, using (21) and (12) 
we see that the only non-zero Lie brackets on T*(r4_^,A) are 



[Xl,X2] 
[X2,X,] 

[XuX,] 



X2, 
X5, 

—Xq, 



[Xi,Xs] 

[X3,X7] 

[XuXj] 



fJ'Xs, 

yU^S; 
-/iX7, 



[Xi,X,] 
[X4, Xs] 
[Xi,Xs] 



XX 4, 
AX5, 

-\x.. 



As in proof of the previous propositions, we assume that T* (t4 ^ a) has a hermitian structure 
{J, {■,■))■ Then, 



(25) 
Consider 







A^26 = 1 + 022 + ci2iai2 + diaaei + /^((323(232 - 0,27(172) + A(a24a42 - a28'l82)- 






(1 - A)ai6ai8; 
(A - /i)ai7ai8, 
(A - 1)014042 + (1 



A)ai8a82; 









N, 



N, 



58 

2 

48 



(1 + A)ai2ai8; 
2Aai4ai8, 
(1 - A)ai8a24 



A)ai4a28; 








^^78 

x: 



78 



[1 + /i)ai8a27 + (A + /i)ai6a38 - (1 + A)ai7a28; 

1 - /i)ai8(332 + (A + yU)ai2(338 + (A - 1)017042- 



From these equations and (25), we obtain ai8 = 0. Now, we have 
/i)aieai7. 










<7 

N'37 

NI7 



l-/i)ai6ai7, 

1 + A)ai7a28 - (A + /u)ai6(338, 

-2/iai7ai3, 

[l - yU)ai7a23 - (1 + /i)ai3(327- 



N^^ = {I + ^i)ai2a 



17; 



A^: 



78 



Nl 



37 



(A + yU)ai2(338 + (A - 1)017042, 
(/i - 1)013032 + (1 + /i)(3l7(372; 
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Then, using (25), we see that an = 0. From the equations 

= AT^g = (1 + A)ai4a28, = N^^ = (A - 1)014042, 

= ^56 = (1 + A)ai4ai6, = iV^^ = -(1 + yu)ai4a27 + (A - fi)aiGau, 

= A^lg = (A - I)ai2ai4, = A^^y = (1 - At)a.i4a.32 + (yU - A)ai2a34, 



and (25), we conclude that an = 0. Moreover, we have 

= N^j = -(1 + /i)ai3a27, = N^j = (yU - 1)013032, 

= ^36 = -(1 + At)ai3ai6, = A^36 = (1 + A)ai3a28 + (A - /i)ai6a43, 

= A^ls = (/U - I)ai2ai3, = N^q = (1 - A)ai3a24 - (A + /i)ai6a83. 



which imply that 013 = using again (25). Thus, 012^ + ctie^ 7^ 0. Now, taking account 
the equations 

= N^Q = 2ai2ai6, 

= A^78 = (A + /i)ai6a38, = A^^g = (A + /i)ai2a38, 

= ^38 = (Ai - A) 016043, = A^38 = (/i - A) 012043, 

— ^15 = — 012O24 — 016O82, = A'^j^g = — 012O28 — 016O42, 

we have that O38 = O43 = and O24O42 = 028O82 = 0. So, 

= N^s = A(l + ^44^) + /u(a34a43 - a38a83) + 024O42 - 028^82 = A(l + 044^). 
This implies that A = or 1+044^ = 0, which is not possible. This completes the proof. D 

Let Q be an arbitrary Lie algebra. Denote by 6i(g) the dimension of the z-th cohomology 
group H\q) of 0, by q' = [q, q] the derived subalgebra and by 3(0) the center of q. We recall 
that g is called completely solvable when g is solvable and ad(x) has only real eigenvalues 
for any x G 0. 

Theorem 4.7. Let G be a four dimensional solvable Lie group with Lie algebra q. Then 
the following statements are equivalent: 

(i) G has no left invariant generalized complex structure; 

(ii) G admits neither left invariant symplectic nor left invariant complex structures; 
(iii) g is completely solvable and one of the two following conditions is satisfied: 

(a) 6i(T*0) = 3, 63(^*0) = 5, &i (0/3(0')) = 1, or 

(b) fei(T*0) = l, 63(T*0)=2. 



Proof. Clearly (i) implies (ii). The converse follows from Propositions 4.2 to 4.6 The cal- 
culation of the numbers bi(T*{g)), {i = 1,3), and &i (0/3(0'))) where is a four dimensional 
solvable Lie algebra, shows that condition (iii) is satisfied if and only if (i) holds (see Table 
in Section 5.2). D 
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5. Generalized complex structures of type 1 on solvable Lie groups 
In this section we exhibit the four dimensional solvable Lie algebras which have a gener- 



alized complex structure of type 1; Theorem |4. 7| implies that they admit either symplectic 
or complex structures. We also study necessary and sufficient conditions on a four di- 
mensional solvable Lie algebra q to admit generalized complex structures of type 1. As 



a consequence of our results, we obtain in Corollary 5.6 a condition, involving the odd 
numbers 6j(T*(g)), for the non-existence of such structures. 

5.L Existence. First, we list below the family of Lie algebras having either symplectic 



or complex structures. Such Lie algebras together with those shown in (21), exhaust the 
class of four dimensional solvable Lie algebras (see [2l |9l [161 [T9|)- 



(26) 



aff (M) X aff (M) 

aff(C) 

M X e(2) 

Mx ()3 

M X r3,A 

^4,-1,-1 

M X r'3,, 

''4,M,A 

C)4 

^4,A 



d' 



4,A 



i)4 



eo,ei] 
60,62] 
61,62] 
61,62] 
61,62] 
60,61] 
60,61] 
60,61] 
60,61] 
60,61] 
60,61] 
61,62] 
60,61] 
60,61] 
/i > 0, A e 
60,61] = ei, 
eo,ei] = Aei, 
A > 1/2; 
eo,ei] = Aei 
61,62] =63, 
60,61] = ei. 



61, [62,63] = 

62, [60,63] = 
-63, [61,63] 

63; 

[61,63] = 

[60, 62] = 

[60, 62] = 

[60, 62] = 

[60, 62] = 

[60, 62] = 

[60, 62] = 
-63 



63; 

63, [61,62] 
= 62; 



63, [61,63] = -62; 



62, 

61, 

61, 

61, 

61, 

61, 

61, 

Ae2 

62, [60,62] = 

At6i, [60,62] 



= A63, A €{-1,0,1}; 

= A62, [60, 63] = 62 + A63, A G {-1, 0, 1}; 

= /i62, [60, 63] = 63, -1 < fi<l, fij^O; 

= /X62, [60, 63] = /i63, -1 < /i < 1, yU 7^ 0; 
= /i62, [60, 63] = -/i63, -1 < ;U < 0; 

= -62, [60, 63] = A63, -1 < A < 0; 

= -62, [60,63] = -63; 
[61,63] = 62 + A63, A > 0; 



63; 



A62 - 63, [60, 63] = 62 + A63, 



[60,62] = -62, [61,62] = 63; 

[60,62] = (1 - A)62, [60,63] 



63, 



-62, [60,62] = 61 + A62, [60,63] 

A>0; 

[60,62] = 61 + 62, [60, 63] = 263, [61,62 



[61,62] 

2A63, 



63, 



63- 



Proposition 5.1. The Lie algebras aff(M) x aff(M), off(C), M x e(2), M x (53, M x r3,o, 
r4_i_i, t4^^o (/^ > 0); ^4,ij ''4,2 fl^t? ^4A ("^ > 0) admit generalized complex structures of 
type 0, 1 and 2. 

Proof. It follows from results in p^ [T8| |23] that all of the above Lie algebras admit both 
symplectic and complex structures, which give rise to generalized complex structures of 
type and 2, respectively. A generalized complex structure of type 1 on aff (M) x aff(]R) 
can be obtained by combining one of type with one of type 1 on aff(]R) (see (15) 



and (16)). For the remaining Lie algebras, we exhibit a generalized complex structure of 
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type 1. 

(27) 



X e(2), 



aff(C), r4,_i,-i : 


:^(eo) 


Xtg.o, t)4,|, ^4,A (A >0) : 


J{e,) 


X f)3, < (/i > 0), C)4,2 : 


J{e,) 



a 



a 



ei, 



J{e2) 


= 63 








J{ei) 


= 62, 








J{e2) - 


= a3. 






D 


-. (-1 


< /i 


< 


0) 


and 



Proposition 5.2. The Lie algebras M x ts^-i, t4_i, r4,0; Ti4; ^4,i 

^4,-i,A (—1 < A < 0) admit generalized complex structures of type and 1, but not of 

type 2. 

Proof. First we notice tliat every Lie algebra mentioned in the proposition has symplectic 
structures but does not admit complex structures ( [ISl [IZl UHl i23j ) , so it does not possess 
generalized complex structures of type 2 (Theorem 4.1 ). For each one of these Lie algebras, 
we show a generalized complex structure of type 1: 

IR X ts _i, r4,o, t4.^,-^, n4 : J{eo) = ei, J{e2) = a^ 

(28) „ .. ^/_ N _ ^/_ N 2 



J{eo) 



Jiei) 



a 



D 



Proposition 5.3. The Lie algebras R x t^i, r4^i, i^^^^,^ (/x > 0, A 7^ 0), M x r3;^ (A 7^ 0), 
^4:,^l,^J. (~1 < /U < 1, Ai 7^ 0), ■C4^^_i (—1 < /i < 1, /i 7^ 0), and ^40 admit generalized complex 
structures of type 1 and 2, but not of type 0. 

Proof. These Lie algebras have complex structures and do not admit symplectic structures 
([T5l[I7l[T8l[23]), thus they admit generalized complex structures of type 2 but not of type 0. 
A generalized complex structure of type 1 is given by 

™ X ts,!, r4,^,/,, r4^u.A : Jieo) 



(29) 



5.2. Obstructions. 



M,M' 4,/^, A 
1^4,1, ■t^4,A,l 
X 'Cs A, ''4,0 



Jieo) 
J{eo) 



a 



a 



a 



J{e2) 
Jiei) 
Jiei) 



es, 

62, 



D 



Proposition 5.4. 1)4 is the unique four dimensional solvable Lie algebra admitting gener- 
alized complex structures of type 2, but not of type or 1. 



Proof. We consider the basis {Xj} defined by (17) for T*(D4). Taking into account (12) and 



the structure equations of the Lie algebra c)4 given in (26), we see that the only non-zero 
brackets on T*(c)4) are 



[Xl,X2] 
[X2,X6] 



Xo 



\X;,X, 



X, 



[^1,^3] = 

-[Xi,X6] 



-X3, 

= [^3,^7] 



Xfi 



[X2,X3] 
[^1,^7] 



X4 



-[X2,X8 



X7. 
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Supposse that J is a. generalized complex structure on 04. Let us consider the equations 

= ^56 = Oi6«24, = A^fg = aieflu, = A^|g = -034016 - 024017, 



— ^26 ~ 0-24(0-12 — O34) — 016082, 

~ ^36 ~ ~20i4023 — O13O24 + O24 + O16O83. 

The condition J"^ = — Id implies that 

= [J )2 = 014O21 + 024(022 + 044) + 023O34 + oieOgi — 027O83, 

— 1 = (iT" )i = O14O41 + O24O42 + O34O43 + O44 + O18O8I + 028082 + 038083, 

and so we obtain 016 = 0. Now, from the equations 

= NI^ = auan, = N^^j = 017O24, = N^j = -034O17, 

= A^47 = 034(013 — O24) — O17O83, 

= N^Y — ~20i4032 — O12O34 + O34 + O17O82, 

and, from J'^ = — Id, 

= (jT" )2 = 014O31 + 024O32 + 034(033 + 044) + 017O81 + 027O82, 

— 1 = \J )4 = ai4a4i + O24O42 + O34O43 + O44 + O18O8I + 028082 + O38O83, 

we obtain 017 = 0. Moreover, 027 = because A^yg = —027^ = 0. 
The equations 

= [J' )i = — 2014O18, = Njg = 018O34 — 014O38, = N^g = 014O28 — 013O18, 

= ^68 = O14O28 - O18O24, = A^68 = 028(Oi3 + O24) - O18O23, 

= nIj = -1 + 013031 - 023032 + 033^ - 021034, 

imply that Ois = 0. But, since 

= (J'^)2 = -2O24O28, = iVjg = 028(Oi3 + O24), 
= ij'^)l = -O14O28, = {J'^)l = O12O28 + O13O38, 

— 1 = [J )^ = ail + O12O21 + O13O31 + O14O41, 
we obtain 028 = 0. And finally, from the equations 

= iJ^i = 023038, = AT^g = -a380i3, = (JY^ = -2034O38, 
= NL = 1 + 033^ + 013O31 - 023O32 - 021O34, 



we have 038 = 0. So the matrix J^2 in (18) is the null matrix, and then ^4 does not admit 
generalized complex structures of types and 1. The almost complex structure defined by 
<^(eo) = ci and J^es) = 62 is integrable and thus 1)4 admits a generalized complex structure 
of type 2. The uniqueness is seen in the table at the end of this section. D 

Proposition 5.5. The Lie algebras 'O^.x, (A 7^ ^, 2) and [)4 admit generalized complex 
structures of type and 2, hut not of type 1. 



18 



L.C. DE ANDRES, M. L. BARBERIS, I. DOTTI, M. FERNANDEZ 



Proof. Doing a similar calculation to that made in the previous proposition, one can check 

3 I 

/ 



that for a generalized complex structure on f)4, the matrices J\ and J2 in (18) are 
/an 



Ji 







0\ 



ai3 

O2I ^22 fl23 ^13 

031 033 

\ 041 042 043 0-44 / 

From J^ = — Id we have ais^ + a 
following possibilities: 

• ai8 7^ 0, ai3 = 0. Then, rank 1/2 
structures are of type 0; for example, 

2al 



:^2 



^^13 



V- 

^ 0. Since 






ai8\ 




2ai8 


028 




-2ai8 


038 




^18 — ^28 "0-38 


0/ 


= A^ls = 3ai8ai3, 


we have the two 



4 and the possible generalized complex 



a 



J{eo) = 2a^ J(ei) 

• ai3 7^ 0, ai8 = 0. In this case, we obtain 033 = 028 = using = A^^g = 3013038 
and = iVgg = 013(4023 + 038)- So 1/2 = and the possible generalized complex 
structures are of type 2; for example, 

J{eo) = 62, J{ei) = 63. 

For a generalized complex structure on the Lie algebra O4 , 



J7i and J'2, given by (18), are 



Ji 



All 


012 


Ol,3 


0\ 


^21 


022 


023 


024 


031 


O32 


O33 


034 


yo4i 


O42 


O43 


044/ 



J2 



/ 



V- 



bra 04,A, (A ^ I 1, 2), 


the matrices 


oi8\ 


O18 028 




-018 038 




O18 -028 -O38 J 





We consider two possibilities according to O18 7^ or 018 = 0: 

• If 018 7^ 0, rank 1/2 = 4 and the generalized complex structures are of type 0; for 
example. 



J{eo) = a^ J{ei) = a". 



Nk 



'1 — 2A)oi20i3, we consider two 



If 018 = 0, then 012 + Oi3 7^ 0. Since 
subcases 
A) 012 7^ 0, oi3 = 0. From A^|g = — A012O28 we obtain 028 = and from 
= A^78 = —033(034 — oi2(A — 2)) and = Nfrj = 034(Aoi2 + 034) we obtain 
038 = 0. Hence J2 = Q and the generalized complex structures are of type 2; 
for example, 

jr(eo) = Aei, J{e2) = -es- 
Oi3 7^ 0, O12 = 0. From N^g = (—1 + A)oi3038 we obtain O33 = and from 
= ^68 = 023(024 + Oi3(A + 1)) and = iVjg = -024(024 + oi3(A - 1)) we 
obtain 023 = 0. So, ^^2 = and the generalized complex structures are of type 
2; for example. 



B) 



J{eo) = (1 - A)e2, Jiei) = 63. 
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For a generalized complex structure on the Lie algebra 94,1, the matrices J\ and J2 in 



(18) are 



Ji 



/an ai2 


\ 




( 








ai8\ 


a21 a22 Ct23 
^31 a'32 Ct33 




— 0.12 


J2 = 








-ai8 


ai8 



^28 
^38 


ya4i 042 043 


044 J 




\-ai8 


-^28 


-038 


0/ 



A^l. 



58 



2ai2ai8 we consider the two following 
4 and the generalized complex structures are 



Therefore, 012^ + ai8^ 7^ 0. Since = 
possibilities: 

• ai8 7^ 0, ai2 = 0. Then, ranki72 
of type 0; for example, 

J{eo) = a^ J{ei) = a\ 

• ai8 = 0, ai2 7^ 0. Because Nj^ = —012028 and = A^^g = 2038012, we have 
O28 = O38 = 0. So, J72 = and the generalized complex structures are of type 2; 
for example, 

J{eo) = d, J{e2) = -63. 

D 

The previous propositions together with Table [T] imply the next result. 

Corollary 5.6. Let q be a four dimensional Lie algebra admitting a generalized complex 
structure. Then, q does not admit a generalized complex structure of type 1 if and only if 
Q is completely solvable and one of the following conditions is satisfied: 
(i) b^{T*g) = bs{T*g) = 1, or 
(ii) 6i(T*0) = 2, 63(T*0)=4. 



Remark 2. We must notice that the Lie algebra d'^^^ satisfies bi(T*'0'^^) = b3{T*d'^x) = I5 
but it is not completely solvable. Therefore, according to the previous Corollary, it has 
generalized complex structures of type 1. In general, in the table below, the Lie algebras 
g' are not completely solvable, so they have generalized complex structures of type 1. 

In the table below we summarize the previous results and, for each solvable Lie algebra 
admitting generalized complex structures, we exhibit one of the simplest examples of each 
type ( — stands for non existence). 






bi{T*g) 


b3{T*g) 


TypeO 


Type 1 


Type 2 


Mx t3 


3 


5 


— 


— 


— 


M X tg.A 

A < 1, A^O 


3 


5 


— 


— 


— 
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&i(T*0) 


&3(T*g) 


TypeO 


Type 1 


Type 2 


t4 


1 


2 


— 


— 


— 


XeR, A ^ -1,0,1 


1 


2 


— 


— 


— 


-1 < /i < A < 1 
/iA^O, /i + A^O 


1 


2 








aff(M) X aff(M) 


3 


5 


J{eo) = a\ 
J{e2) = a' 


Jieo) = a\ 

Jie2) = 63 


Jieo) = ei, 
Jie2) = 6s 


aff(C) 


2 


2 


J{eo) = «^ 


Jieo) = a\ 

Jie2) = 63 


Jieo) = es, 
Jiei) = -62 


Mx [)3 


5 


31 


J{eo) = «^ 


Jieo) = ei, 
Jie2) = a' 


Jieo) = 61, 

:^(62) = 6s 


M X r3,-i 


3 


13 


J{eo) = «^ 
J{e,) = -a' 


Jieo) = ei, 
Jie2) = a^ 





M X r3,o 


5 


11 


Jieo) = a', 


Jieo) = a\ 
Jiei) = 62 


Jieo) = es, 
Jiei) = 62 


M X ts,! 


3 


13 


— 


Jieo) = a\ 
Jie2) = 63 


Jieo) = ei, 
:^(62) = 6s 


U,-i 


1 


4 


Jieo) = a^ 
Jie^) = a' 


Jieo) = es, 
Jie,) = a' 


— 


1^4,0 


3 


^7 


Jieo) = a\ 
Jie2) = a^ 


Jieo) = ei, 
Jie2) = a^ 


— 


t4,l 


1 


4 


— 


Jieo) = a\ 
Jiei) = 63 


Jieo) = 6s, 
Jiei) = 62 


^4,^,1, 

-1 </i< 1, yU^O 


1 


4 


— 


Jieo) = «^ 
Jiei) = 63 


Jieo) = 62, 
Jiei) = 6s 


-1 <;u< 1, /i^O 


1 


4 


— 


Jieo) = a\ 
Jie2) = 63 


Jieo) = 61, 

:^(62) = 6s 


^4-l,A, 

-1 < A <0 


1 


4 


Jieo) = a^ 
Jiei) = a' 


Jieo) = 6s, 
Jiei) = a' 


— 
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biiT*Q) 


&3(T*g) 


TypeO 


Type 1 


Type 2 


'^4,-1,-1, 


1 


4 


J{eo) = a^ 


Jieo) = a\ 
Jie2) = 63 


Jieo) = ei, 
^(62) = 63 


M X r'g^o 


5 


11 


J^(eo) = a', 
J(ei) = a^ 


Jieo) = «^ 
Jiei) = 62 


Jieo) = 63, 
Jiei) = 62 


A>0 


3 


5 


— 


Jieo) = «^ 
Jiei) = 62 


Jieo) = 63, 
Jiei) = 62 


n4 


3 


14 


Jieo) = a^ 


Jieo) = ei, 
Jie2) = a^ 


— 


^4,^,0' 

/i> 


1 


4 


J{eo) = a\ 
J{e2) = a' 


Jieo) = ei, 
Jie2) = a' 


Jieo) = ei, 
:^(62) = 63 


/i>0, A^O 


1 


2 


— 


Jieo) = a\ 
Jie2) = 63 


Jieo) = ei, 
Jie2) = 63 


i)4 


1 


1 


J{ex) = a' 


— 


Jieo) = 62, 
Jiei) = 63 


O4 


2 


4 


— 


— 


Jieo) = ei, 
Jies) = 62 




1 


1 


J{eo) = «', 
J{e^) = a' 


— 


Jieo) = A61, 
Jie2) = -es 


34,1 


2 


4 


J{eo) = a\ 
J{ex) = a' 


— 


Jieo) = ei, 
Jie2) = -63 


^^,^ 


1 


3 


Jieo) = a^ 


Jieo) = a\ 
Jiei) = 62 


Jieo) = le2, 
Jiei) = 63 


^4,2 


1 


3 


Jieo) = a^ 
Jiei) = a' 


Jieo) = ei, 
Jie2) = a^ 


Jieo) = ei, 
Jie2) = -\e. 


^4,0 


2 


4 


— 


Jieo) = «^ 
Jiei) = 62 


Jieo) = 63, 
Jiei) = 62 


^4,A 

A>0 


1 


1 


Jieo) = 2\a\ 
Jiei) = a^ 


Jieo) = «^ 
Jiei) = 62 


Jieo) = 63, 
Jiei) = 62 



Table 1: 



22 l.c. de andres, m. l. barberis, i. dotti, m. fernandez 

6. An example in dimension 6 

In this section we exhibit an example of a six dimensional (non-nilpotent) solvable Lie 
algebra 06 admitting neither symplectic nor complex structures but having generalized 
complex structures of types 1 and 2. This proves that Theorem 4.1 fails for solvable 
Lie algebras of dimension six. Examples of six dimensional nilpotent Lie algebras having 
neither left invariant symplectic nor complex structures but with generalized complex 
structures are given in [S]. 

Let us consider the solvable 6-dimensional Lie algebra Qq defined by the structure equa- 
tions 

(30) da' = 0, {l<i<4:), da^ = a^"^ + fxa^^, da^ = a^^ + a^^, /x ^ 0. 

Let uj he a 2-form to = 2, ^ijCi''' ■ Then, one can check that uj is closed if and only if 

l<j<i<6 
1^16 = ^2& = "^36 = "^46 = ^^56 = '^25 = "-^SS = '-^45 = 0, 

that is, UJ is expressed as 



iU2i tx -r 1^34 L" 
i=2 i=3 

But such a form uj is degenerate. This means that the Lie algebra 06 does not admit 



(31) UJ = ^ujiia^' + ^uj2ia^' + 0034 a^ 

i=2 

But such a form uj is degenerate. This 
generalized complex structures of type 0. 

On the other hand, we consider the basis {Xi}^^^ dual to the basis of 1-forms {a'}f^i. 
From the equations (30) we get that the only non-zero Lie brackets are 

[Xi,X2] = — X5, [Xi,X5] = —Xq — flX^, [X3,X4] = —Xq. 

6 

Let J be an almost complex structure on 06 defined by J(Xj) = ^.'^ijXj. Then, the 
components {Nj)'^j of the Nijenhuis tensor Nj of J satisfy 

iNj)lQ = a63^ (iVj)36 = -«64^ (^j)56 = At«5ia61 + ^ei^ (^j)26 = «5ia61- 

Therefore, a^i = a^s = ag^ = since Nj = 0. Moreover, J^ = — Id implies that 
021^ + 031^ + 041^ + fl5i^ 7^ 0, and the equations 

(^j)26 = a65a21, (NjfsQ = 065^31, {Nj)% = 065041, (^^7)56 = «65a51, 

imply that a^^ = 0. Now, from 

(^j)26 = «62a21, iNj)lQ = 062031, (iVj)46 = 062041, (Njf^Q = O62O51, 

we obtain 052 = 0. But —1 = {J'^)q = Oee^, which is not possible. This proves that 06 
does not admit complex structures or, equivalently, it does not admit generalized complex 
structures of type 3. 
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To describe generalized complex structures of types 1 or 2, we take the basis {Xi}-^^ of 
T*Q given by 

Xi = {Xi, 0) and X^+g = (0, a*), l<i< 6. 



Notice 


that the matrices J7i in 


(18) have order 6 
















flu ai2 ai3 ai4 ois 


ai^ 




( ° 


^12 


fel3 


6l4 


hb 


h,\ 




021 Ct22 Ct23 ^^24 ^^25 


^26 




-^12 





&23 


&24 


hb 


he 


Ji = 


031 ^32 Ct33 ^34 Ct35 


036 


J2 = 


-&13 


-&23 





&34 


hb 


he 




(241 (^42 0,43 dAi Ct45 


046 




-&14 


-&24 


-&34 





hb 


he 




fl51 Ct52 ^53 '^54 ^55 


056 




-&15 


—^25 


-&35 


-hb 





he 




\fl61 ^^62 ^63 064 ^65 


066/ 




V-^16 


-&26 


-^36 


-hm 


-he 


oj 



Analogous calculations to those performed in the previous sections allow us to obtain 

ai4 = ai6 = (226 = ^36 = ^46 = 0, 

h-i = hi = &23 = hi = hi = 0, 



0-13 
^12 

hb ■ 



Notice that det(j/2) = 0, and so 06 does not admit generalized complex structures of type 
as we already knew. 
Let us consider 

iJ'^)l = -1 = aii^ + 012(021 + /iOsi) - &16(Cl6 + /iCis), 
( J2)7 ^ Q ^ -2^2^12616. 

This leads us to distinguish the two following cases, that exhaust all the possibilities: 

(i) 616 7^ but ai2 = 0, (ii) 616 = but 012 7^ 0. 

In case (i), assuming that rank 1/2 = 2 and the integrabiblity of the generalized almost 
complex structure, we get (xJ^)^ = {abb — /^065)^, which is not possible. So, a necessary 
condition for having a generalized complex structure is that rank 1/2 = 4, that is, 

(32) 625 7^ fJ-he, hb 7^ fJ'he or 635 ^ fib^Q. 

Taking, for example, 625 7^ fJ-he we have the following generalized complex structure of 
type 1: 

JiX,) = a^, :r(X2) = a^ - /i«^ JiX3)=X^, J{X,) = -X, 



J{Xb) 



a 

—a 
4 



a 






-a^ + fia"^, J{a^) = fiX^ + XQ, J^a"^) = Xi 



—a 



J{a') = -fiXi - X2, J{a' 



b, 

Xi. 
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Similar results are obtained for the remaining choices in (32). 

In case (ii), that is, biQ = and ai2 7^ 0, the condition j^^ = — Id implies that 

= (J^)^ = -/iai2&25, = (J^)^ = -/xaisfess, = (j^)-^ = -fiaiih^, 

= {J"^)-^ = ai2(&26 + At&se), 
and then 

&25 = ^35 = &45 = 0, and 626 = -fJ'he- 

Therefore, rank 1/2 = or 2. If rank 1/2 = 0, we have —1 = (i7^)q = age^, which is not 
possible. This means that Qq does not admit generalized complex structures of type 3, as 
we mentioned before. So we must have rank ^^2 = 2, that is, 

(33) &36 7^0, 6467^0 or 6567^0. 

Consider 656 7^ 0. Then for 655 = 1 we obtain the following generalized complex structure: 

J{Xi)=X2, J{Xs)=X^, J{X,) = -ijX,-a^ 

(34) J{Xe) = a\ J{a^) = a^ + ^a\ J{a^) = -a^ + fiX^, 
J{a^) = «^ J^(«6) = -fiX2 + X5. 

Changing the basis {Xj,a*} to {Yi,/?*} defined by 

Y, = Xi, ^ = 1,2,3,4,6, and Y^ = X, - fiX^, 

(and the corresponding change between the dual basis {a*} and {/?*}, resp.) the equations 
(34) can be written, as stated in Theorem 4.1, in the simplest form: 

JiV^) = Y,, J{Ys) = Y,, J{X,) = -P^, 
J{X,) = P\ J{(3') = P\ J{(3') = /5^ 



that is, the generalized complex structure J^ has type 2. For the remaining choices in (33) 
we obtain similar results. 
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